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Indefinite Integrals

In integration, our aim is to “undo” the process of differentiation. Later we
will see that integration is a useful tool for evaluating areas and solving a
special type of equation.

We have already seen how to differentiate polynomials, so we will now look
at how to undo this process. The basic technique is:

xm+1

+c n# —1, ¢ is the constant of integration.

jx dx:n+]

Stated simply: raise the power (n) by one (giving n+1), divide by the new
power (n+1), and add the constant of integration (c).

‘ 1. Find sz dx .

I 2. Find Ix_j dx .

I 3. Find Ix% dx .

» We use the symbol j for integration.

e The j' must be used with “4dx” in the examples above, to indicate that we
are integrating with respect to x.

» The constant of integration is included to represent any constant term in

the original expression, since this would have been zeroed by differentiation.

» Integrals with a constant of integration are called indefinite integrals.
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Checking the answer

Since integration and differentiation are reverse processes, if we differentiate
our answer we should get back to what we started with.

For example, if we differentiate our answer to Example 1 above, we do get
back to the expression we started with.

differentiate
%x’ +c X

(%]

integrate

Integrating terms with coefficients

The above technique can be extended to:

1
™ -
I Iax'" dx = a_fx” dx = 1 +c n = —1, a4 is a constant.
n+

Stated simply: raise the power (n) by one (giving # +1), divide by the new
power (7 +1), and add on <.

‘ 4. Find I6x3 dx .

I 5. Find I4x_% dx .

Note

It can be easy to confuse integration and differentiation, so remember:

jxaﬁr:%xz—i-f Ikdxzkx—i—r:.
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Other variables

Just as with differentiation, we can integrate with respect to any variable.

‘ 6. Find [2p7 dp.

Note
dp tells us to integrate
with respect to p.

| 7. Find [ p ds.

Note

Since we are integrating
with respect to x, we
treat p as a constant.

Integrating several terms

The following rule is used to integrate an expression with several terms:
| [(f(x)+ g(x)) de=[ £ (x) de+ [ g () .

Stated simply: integrate each term separately.

‘ 8. Find J.(le —2xi] dx .

| 9. Find ".(4x_§+3x+7] e
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Preparing to Integrate

As with differentiation, it is important that before integrating, all brackets are
multiplied out, and there are no fractions with an x term in the denominator
(botrom line), for example:

1 . - 5 -5 '
—:x' 123_1-_‘ 2 -J

1
1
—_ = x -
X x Jx 4x° 4 43x"

5 -3
—4x .

1. Find Jéz for x=0.

X

‘2. Find J% for x> 0.

‘3. Find ngz dp where p=0.
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4. Find Pxfjx e

7x—3x° vfp_c:
5 [IEEENE gy

VX
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A Special Integral
The method for integrating an expression of the form (ax + )" is:
n+l
j{mc+f?}ﬂ.cir:M+f, where 20 and n=—1.
a(n+1)

Stated simply: raise the power (7) by one, divide by the new power and also
divide by the derivative of the bracket (a(7+1)), add c.

‘ 1. Find [(x+4) dx.

|2. Find [(2x+3) dx.

dx where x # —%.

1
. Fi ——
‘3 djm
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4 | sz
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Warning

Make sure you don’t confuse differentiation and integration — this could lose

you a lot of marks in the exam.

Remember the following rules for differentiation and integrating expressions
n

of the form (ax + &)
A (ax+b)"|=an(ax+b)",

n+l
[(ax+8)" dx:M+c.
a(n+1)

These rules will zor be given in the exam.
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Using Differentiation to Integrate

Recall that integration is the process of undoing differentiation. So if we

differentiate f(x) to get ¢(x) then we know that jg[x]airzf{x)-l—r.

5. (a) Differentiate y = ﬁ with respect to x.
.

(b) Hence, or otherwise, find ,[{—] dx .
3x
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1
6. (a) Differentiate y =———3 with respect to x.

(x"—1

2
b

b) Hence, find | ———— dx.
®) E
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Integrating sin(ax + b) and cos(ax + b)

Since we know the derivatives of sin(ax + &) and cos(ax + &), it follows that

the integrals are:
Icos{ax+é} dx=Lsin(ax+b)+c,
Isin[;zx +b) de=—Lcos(ax+b)+ec.

These are given in the exam.

‘1. Find [sin(4x+1) dx.

I 2. Find Jﬁcos(%x—k%) dx.

Find Jﬁcos[%x —3) dx .
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Find J*ﬁcos(Ex}+sin[x—J?_;) dx .

(a) Differentiate with respect to x.

COs X

anx

dx .

(b) Hence find j

COsS X
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Differential Equations

A differential equation is an equation : _
y differentiate
A 1

. . . . 2 3
involving derivatives, e.g. ——=x". gx:' +c X

[E)

integrate
A solution of a differential equation is an

expression for the original function; in this

case y= Brxj + ¢ is a solution.

In general, we obtain solutions using integration:

d )
I y= Eyafr or f{x)zjf{x)dx.

This will result in a general solution since we can choose the value of .

Ya

’
%

[f we have additional information about the function (such as a point its graph
passes through), we can find the value of ¢ and obtain a particular solution.

The general solution corresponds to a “family”
of curves, each with a different value for .

The graph to the left illustrates some of the

curves y =3 x" +¢ with different values of c.

NN
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1. The graph of y= f(x) passes through the point (3, —4).

If ﬂ —x" =93, express y in terms of x.

2. The function f, defined on a suitable domain, is such that

1
' 2 ;
f(x)=x +_x2 +5.

Given that f(1)=4, find a formula for f(x) in terms of x.
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Definite Integrals RC

If F(x) is an integral of f(x), then we define:
([ f(x)dx=[F(x)]. = F(6)~F(a)
where @ and & are called the limits of the integral.
Stated simply:
» Work out the integral as normal, leaving out the constant of integration.
» Evaluate the integral for x =4 (the upper limit value).

* Evaluate the integral for x = (the lower limit value).

* Subtract the lower limit value from the upper limit value.

Since there is no constant of integration and we are calculating a numerical
value, this is called a definite integral.

‘ 1. Find _[1551'2 dx .

I 2. Find I;[xj +3x7) dx .
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3. Find i} dx .

11X

4 j‘} 25V + 3Wx
1

x3
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Definite Intervals Involving Trigonometric Functions

1 -
Find the value of |cos(2x—5)dx.
0
2 3 T
-L ECDS(I—Ede
3
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3 Find the values of a, = < a< 3w/2 for which:

(i
J 2cos2x — sinx dx = 1.
T

Page 19
Additional examples are available in the Dynamic Maths Study Notes available at
http://madrasmaths.com/courses/higher/revison_materials_higher.html (password: madrasmaths) and at hsn.uk.net



http://madrasmaths.com/courses/higher/revison_materials_higher.html

Higher Maths Relationships and Calculus 1.4

Practice Unit Assessments

Practice test 1

Iy 1 Y
' < |
1 Find [| 427 LI PR
II-\ X ._.l
[4]
2 Wix)=(x+3)" find h(x). x=-5.
2]
3 Find [4cos6 dé.
(1]
4 Find [ (¥ —8x+16)ax.
3]
Practice test 2
1]
1 Find j(zﬁ +—) dx. x 2 0.
X
[4]
2 W(x)=(x—-3)". find h(x). x #3.
(2]
3 Find [2sin@dé..
(1]
1
4 Find _|'(x+2)3dx.
3
(3]
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Homework

Find JScos(4x+1]dr.

2
() Find [(3cos2v+1)dx.

(b) Show that 3cos2x + 1 = 4cos’x — 2sin’x.

(c) Hence, or otherwise, find j(sin2 x—2cos? _\')d_\'

3

t 1

Given thatj (3x+4) 2 dx =2, find the value of .
4

Find the value of jusin(ﬂﬂrx +1) dx.
]

(

5

For a function /', defined on a suitable domain, it is known that:

Express f (x) in terms of x.
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Practice Unit Assessment Solutions (1)

o
AN -
- X+ X + ¢
L‘% 1
Y =Y
3
= 3. 4 — X 4c
G 2
- 3 - 1 +c
2_7:,1

J/P @Jaﬂr)n - (ax#:_f” +C

_3 — —
- (JC-FS) : -+ C &(n-rf)
Tx-—'S
= = (x+5)  +c
B

@ j&(os@ ol@
- (4'5;%9 + C
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@ j\_] )Cl-fx-f-fé dx

- 3 . 1
B X - f‘ifc 4"6)(]
3 2 =g

3
= f.)( - Lt:cl 4+ f(_’,n] ‘
-3

(3
AN 3
(D) -G ré(z)) —("/zfﬂ -G (-3) ¢ !6(—3))
L3 L J
= //8%)4-(— 93)
= 5/, 525 )
3

Practice Unit Assessment Solutions (2)

N
|
[ | -4
C) | ZJL + du
?,
hl qu’ﬁ -3
== + X 4+
% -3
| 4 &3
-~ }_2:)('/& — JC + C
G =3
G
2 T
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